The velocity field and the adequate shear stress corresponding to the longitudinal flow of a fractional second grade fluid, between two infinite coaxial circular cylinders, are determined by applying the Laplace and finite Hankel transforms. Initially the fluid is at rest, and at time t = 0 + , the inner cylinder suddenly begins to translate along the common axis with constant acceleration. The solutions that have been obtained are presented in terms of generalized G functions. Moreover, these solutions satisfy both the governing differential equations and all imposed initial and boundary conditions. The corresponding solutions for ordinary second grade and Newtonian fluids are obtained as limiting cases of the general solutions. Finally, some characteristics of the motion, as well as the influences of the material and fractional parameters on the fluid motion and a comparison between models, are underlined by graphical illustrations. Navier-Stokes equations are nonlinear partial differential equations. For this reason, there exists only a limited number of exact solutions in which the nonlinear inertial terms do not disappear automatically. Exact solutions are very important not only because they are solutions of some fundamental flows but also because they serve as accuracy checks for experimental, numerical, and asymptotic methods. The inadequacy of the classical Navier-Stokes theory to describe rheologically complex fluids such as polymer solutions, blood, paints, certain oils and greases, has led to the development of several theories of non-Newtonian fluids. Amongst the many models which have been used to describe the nonNewtonian behavior exhibited by certain fluids, the fluids of different types 1 have received special attention. The fluids of second grade, which form a subclass of the fluids of different types, have been studied successfully in various types of flow situations. Here, we mention some of the studies.
Navier-Stokes equations are nonlinear partial differential equations. For this reason, there exists only a limited number of exact solutions in which the nonlinear inertial terms do not disappear automatically. Exact solutions are very important not only because they are solutions of some fundamental flows but also because they serve as accuracy checks for experimental, numerical, and asymptotic methods. The inadequacy of the classical Navier-Stokes theory to describe rheologically complex fluids such as polymer solutions, blood, paints, certain oils and greases, has led to the development of several theories of non-Newtonian fluids. Amongst the many models which have been used to describe the nonNewtonian behavior exhibited by certain fluids, the fluids of different types 1 have received special attention. The fluids of second grade, which form a subclass of the fluids of different types, have been studied successfully in various types of flow situations. Here, we mention some of the studies. [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] Sometimes since the equations governing the flow of second-grade fluids are one order higher than the Navier-Stokes equations, one would require boundary conditions in addition to the "nonslip" condition to have a well-posed problem.
In recent years, fractional calculus has achieved much success in the description of complex dynamics. Fractional derivative models are used quite often to describe viscoelastic behavior of polymers in the glass transition and the glassy state. The starting point is usually classical differential equation which is modified by replacing the classical, time derivatives of an integer order by the so-called Riemann-Liouville operator. This generalization allows one to define precisely non integer order integrals or derivatives. 12, 13 Fractional calculus has also gained much fame in the description a) Corresponding author. Email: drmimranchaudhry@gmail.com.
of viscoelasticity.
14, 15 Tan and Xu 16 discussed the flow of a generalized second grade fluid due to the impulsive motion of a flat plate. Relevant studies involving generalized second grade fluid in bounded domains are presented.
17-24
In this work, we consider the viscoelastic fluid to be modeled as fractional second grade fluid (FSGF) and study the flow starting from rest due to the sliding of the inner cylinder along its axis with a constant acceleration. The velocity and adequate shear stress, obtained by means of the finite Hankel and Laplace transforms, are presented under series form in terms of the generalized G functions. The similar solutions for the ordinary second grade or Newtonian fluids, performing the same motion, are respectively obtained as special cases when β → 1, or β → 1 and α 1 → 0.
The flows to be considered here have the form of
where e z is the unit vector in the z-direction of the cylindrical coordinates system r, θ and z. For such flows, the constraint of incompressibility is automatically satisfied. Furthermore, if initially the fluid is at rest, then
The governing equations, corresponding to such motions for second grade fluid are
where μ is the dynamic viscosity, ν = μ/ρ is the kinematic viscosity, ρ being the constant density of the fluid, α 1 is a material constant and α = α 1 /ρ. The governing equations corresponding to an incompressible fractional second grade fluid, performing the same motion, are
where the fractional differential operator D 
and Γ(·) is the Gamma function. Of course, the new material constant α 1 , although for simplicity we keep the same notation, tends to the original α 1 as β → 1. In the following the system of fractional partial differential Eqs. (5) and (6), with appropriate initial and boundary conditions, will be solved by means of Laplace and finite Hankel transforms. In order to avoid lengthy calculations of residues and contour integrals, the discrete inverse Laplace transform method will be used. Let us consider an incompressible FSGF at rest in the annular region between two straight circular cylinders of radii R 1 and R 2 (> R 1 ). At time t = 0 + , the inner cylinder suddenly begins to slide along the common axis with constant accelerations A . Owing to the shear, the fluid is gradually moved, its velocity being of the form of Eq. (1). The governing equations are Eqs. (5) and (6), while the appropriate initial and boundary conditions are
where A is a real constant. Applying the Laplace transform to Eqs. (5) and (9), we get
where r ∈ (R 1 , R 2 ), v(r, q) is the Laplace transform of function v(r, t). In the following, let us denote
by the finite Hankel transform of the function v(r, q)
where r n are the positive roots of the transcendental equation B(R 1 , r) = 0, and J p (·) and Y p (·) are Bessel functions of the first and second kind of order p . The inverse Hankel transform of w H (r n , q) is given by
Multiplying now both sides of Eq. (10) by rB(r, r n ), then integrating it with respect to r from R 1 to R 2 , and taking into account Eq. (11) along with the following
and
and the result which we can easily prove
we find that
It can also be written in the equivalent form of
Applying the inverse Hankel transform to Eq. (16), and using identity
Using identity
Equation (17) can be further simplified to
In order to determine velocity field v(r, t), applying the discrete inverse Laplace transform to Eq. (18) and using (A 1 ) from Appendix, 28 we find that
Applying the Laplace transform to Eq. (6), we get
Using Eq. (18), it becomes
where
Now, applying the inverse Laplace transform to Eq. (21), we get the shear stress of the form of
By introducing Eq. (19) into Eq. (6) and using the results of
we can also find shear stress as
(1) Making β → 1 in Eqs. (19) and (23) we find the velocity field and the shear stress
corresponding to an ordinary second grade fluid, performing the same motion. These solutions can also be simplified to (see also Eqs. (A 2 ) and (A 3 ) from Appendix)
(2) Now making α 1 → 0 in Eqs. (29) and (30), we find the velocity field and the shear stress
corresponding to the Newtonian fluid, performing the same motion.
For large values of t, these solutions as well as those corresponding to second grade fluids approach to large time solutions
which are the same for both types of fluids. In conclusion, after some time, the behavior of the second grade fluid can be well enough approximated by that of a Newtonian fluid. Our interest here is to show that such a property also holds for fractional second grade fluid whose exact solutions, as well as those of the second grade fluid (see Eqs. (27) and (28) ), are written in terms of generalized G a, b c (., t) functions. More exactly, we must show that large time solutions corresponding to fractional second grade fluid is also given by Eqs. (33) and (34). Indeed from Fig. 1 we also have the time required to reach the large-time solutions for these fluids. This time (20s) is the lowest for Newtonian fluid and the highest (30s) for fractional second grade fluid.
In this paper, we find the velocity field and the adequate tangential shear stress, corresponding to the flow of a fractional second grade fluid between two infinite circular cylinders in which the inner cylinder slides along the axis, are determined. At time t = 0 + , the inner cylinder begins to move along the common axis with constant acceleration A. The solutions, determined by employing the Laplace and finite Hankel transforms, and presented in terms of Bessel functions J 0 (·), Y 0 (·), J 1 (·) and Y 1 (·) and generalized G functions, satisfy the corresponding governing equations as well as all imposed initial and boundary conditions. In the special cases, when β → 1 or β → 1 and α 1 → 0, the corresponding solutions for a second grade fluid or for the Newtonian fluid, performing the same motion, are respectively obtained from the general solutions. Now, in order to reveal some relevant physical aspects of the obtained results, the diagrams of the velocity v(r, t) are depicted against r for different values of time t, and for different material and fractional parameters. Figure 2 clearly shows that the velocity is an increasing function of t. The influence of the kinematic viscosity ν on the fluid motion is shown in Fig. 3 . The velocity v(r, t) is a decreasing function of ν.
The influences of material parameter α on the velocity is shown in Fig. 4 . As expected, the velocity is a decreasing function with respect to α. Figure 5 shows the influence of the fractional parameter β on the fluid Finally, for comparison, the profiles of v(r, t) corresponding to the motion of the Newtonian, ordinary second grade and fractional second grade are depicted together in Fig. 6 for the same t and the same common 
